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GENERALIZED FOURIER SERIES AND
SHIFT-INVARIANT SUBSPACES
K. S. KAZARIAN
Abstract. A principal shift invariant subspace of L2(R) is iso-
metric to a weighted norm space L2(T, w). Using results obtained
earlier by the author on the basis properties of subsystems of the
trigonometric system in the weighted norm spaces L2(T, w) we ob-
tain corresponding results concerning generators of principal shift
invariant subspaces.
1. Introduction
Shift invariant (or shortly SI) spaces have been studied intensively
in recent years because of their importance in several areas such as the
theory of wavelets, spline systems, Gabor systems or approximation
theory. They are also used as models for spaces of signals and images
in mathematical and engineering applications. One of the main tools
for the study of SI spaces is the Fourier analysis. In this context the
concept of generalized Fourier series (or GF series) can play an impor-
tant role for obtaining constructive results when the generators of the
SI are given. We consider mainly univariate case because in the multi-
variate case the results on GF series are far from being complete. Main
literature on the shift-invariant spaces can be found in the following
monographs and articles [[3], [4],[5],[1], [2],[7],[14]].
A closed subspace V of L2(R) is called shift invariant if for any f ∈ V
and all k ∈ Z f(·+ k) ∈ V. If Γ is a subset of L2(R) then we denote by
S(Γ) the shift invariant space generated by Γ,
S(Γ) = span{ϕ(·+ k) : k ∈ Z, ϕ ∈ Γ}.
If Γ consist of just one element ϕ then we will write S(ϕ) instead of
S(Γ).
We consider that the Fourier transform, an isometry from L2(R) onto
itself, is defined so that the image of a function f ∈ L1(R) ∩ L2(R) is
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given by
f̂(y) =
∫
R
f(x)e−2piix·ydx, y ∈ R.
If w ≥ 0 is a measurable function on a measurable set E ⊆ R then
we say that φ ∈ L2(E,w) if φ : E → C is measurable on E and the
norm is defined by
‖φ‖L2(E,w) :=
(∫
E
|φ(t)|2w(t)dt
) 1
2
< +∞.
A system {yk}k∈Z in a Banach space B is called anM−basis if {yk}k∈Z
is complete minimal in B and its dual system is total with respect to
the space B.
Let T = R/Z. For f, g ∈ L2(R) following [1] we put
[f, g](t) =
∑
k∈Z
f(t+ k)g(t+ k).
It is easy to observe that [f, g] ∈ L(T) and |[f, g]|2 ≤ [f, f ][g, g]. When
it will be convenient we also use the notation Φg = [ĝ, ĝ] which is a well
defined 1−periodic non-negative function.
Let ϕ ∈ L2(R) then by Plancherel’s theorem we have that for any
finite number of coefficients {γk}|k|≤N∫
R
∣∣∣∣ ∑
|k|≤N
γkϕ(x+ k)
∣∣∣∣2dx =
∫
R
∣∣∣∣ ∑
|k|≤N
γke
2piik·t
∣∣∣∣2|ϕ̂(t)|2dt(1)
=
∫
T
∣∣∣∣ ∑
|k|≤N
γke
2piik·t
∣∣∣∣2Φϕ(t)dt.(2)
Hence, one easily establishes an isometry between the subspace S(ϕ)
and the subspace
(3) Ŝ(ϕ) = ϕ̂L2(T,Φϕ) ⊂ L
2(R).
If the function Φϕ is not equal to zero on a set of positive measure
we have that
1√
Φϕ
ϕ̂ ∈ Ŝ(ϕ).
Hence the system {ϕ0(t+ k)(x)}k∈Z where
(4) ϕ̂0 =
1√
Φϕ
ϕ̂,
is an orthonormal basis of the subspace S(ϕ)(see [4], p. 140), [15], p.
20). Observe that ϕ0 ∈ S(ϕ) by (3).
The following claim clarifies if Φϕ can be equal to any non negative
integrable function defined on T.
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Proposition 1. Let ψ ∈ L2(R) be such that ‖ψ‖2 = 1 and the sys-
tem {ψ(x + k)}k∈Z is orthogonal. Then for any h ∈ L
2(T), h(x) =∑+∞
k=−∞ cke
2piikx we will have that
Φϕ(t) = |h(t)|
2, where ϕ(x) =
+∞∑
k=−∞
ckψ(x+ k).
The above proposition can be checked easily using the following well
known lemma (cf. [4], p. 132; [5])
Lemma 1. The system {ψ(· + j) : j ∈ Z}, where ψ ∈ L2(R), is an
orthonormal system if and only if∑
j∈Z
|ψ̂(t + j)|2 = 1 for a.e. t ∈ R.
1.1. Shift invariant subspaces.
The function ϕ could be smooth, band limited, symmetric etc., but
a priori the function ϕ0 may not have the same properties. Thus the
study of conditions for which the system {ϕ(t+ k)(x)}k∈Z is a basis in
some sense of the subspace S(ϕ) has its own interest.
By equalities (1)–(3) it is easy to establish that the metric properties
of the system {ϕ(t+ k)(x)}k∈Z in S(ϕ) are the same as of the trigono-
metric system {e2piitx}k∈Z in the space L
2
Φϕ(T). Let us give some of the
simple consequences of the properties of the trigonometric system in
weighted spaces.
If for some C > 0
1/C ≤ Φϕ(t) ≤ C, for a.e. t ∈ T
then the system {e2piitx}k∈Z is a Riesz basis in the weighted-norm space
L2Φϕ(T) and consequently the system {ϕ(t+ k)(x)}k∈Z is a Riesz basis
in S(ϕ). If
(5)
1
Φϕ
∈ L(T)
it follows that {ϕ(t+ k)(x)}k∈Z is a basis in its natural enumeration in
S(ϕ) if and only if the weight function Φϕ belongs to the class A2 ([6],
[9]). Recall the definition of the Muckenhoupt classes Ap, p > 1 ([13]).
A non-negative function w ∈ L(T) belongs to the class Ap, p > 1 if and
only if for some Cp > 0
1
|I|
∫
I
w(x)dx
[ ∫
I
w(x)−
1
p−1dx
]p−1
≤ Cp
for any interval I ⊂ R. In the case (5) recall that the trigonometric
system is an M−basis in L2Φϕ(T) ([10]). Hence, we have
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Proposition 2. Let (5) holds. Then the system {ϕ(t+k)(x)}k∈Z is an
M−basis in S(ϕ).
The dual of the system {ϕ(t + k)(x)}k∈Z in S(ϕ) has the following
form {g(t+ k)(x)}k∈Z, where g ∈ S(ϕ) is defined by
ĝ =
1
Φϕ
ϕ̂.
Indeed, for j, k ∈ Z∫
R
ϕ(x+ j)g(x+ k)dx =
∫
R
ϕ̂(t)ĝ(t)e2pii(j−k)tdt =∫
T
1
Φϕ
(t)Φϕ(t)e
2pii(j−k)tdt = δjk,
where δjk is Kronecker’s delta function.
Let us study the case
(6)
1
Φϕ
/∈ L(T).
Recall some definitions from [10]. We are going to use results only in
the space L2, hence we will modify the definitions for this case. In the
following definition we do not mention the degree of the singularity
because it will always be 2.
Definition 1. A function w, defined on the real axis, is said to have a
singularity of order k(k ∈ N) at the point x0 ∈ R, if there is an interval
I with center in x0 such that
(x− x0)
2(k−1)
w(x)
/∈ L(I) but
(x− x0)
2k
w(x)
∈ L(I).
We are going to study the case when the weight function Φϕ has
singularities only in finitely many points and of finite order. Let
X = {x1, x2, . . . , xs} ⊂ T be the set of all points where the weight
function Φϕ has singularities and let Λ = {λj}
s
j=1 ⊂ N be the set of
corresponding orders of those singularities. Given the pair (X,Λ) one
can define generalized Fourier series which generally speaking may have
the same role in the space L2Φϕ(T) as the Fourier series in L
2(T). Then
by Theorem 1 of [10] we obtain
Proposition 3. Let ϕ ∈ L2(R) be such that Φϕ has singularities only
in finitely many points X = {x1, x2, . . . , xs} ⊂ T and order of the
singularity at the point xj is λj. Let Ω ⊂ Z be a set of |Λ| consecutive
integers and Ωc = Z \ Ω and |Λ| ≥ 1. Then the system {ϕ(t + k)}k∈Ωc
is an M−basis in S(ϕ).
In fact we can say more about the system {ϕ(t+ k)}k∈Ωc . Let
(7) η̂n(t) = ϕ̂(t)[Φϕ(t)]
−1[ei2pint − Tn(t)] n ∈ Ω
c,
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where Tn(t) =
∑
n∈Ω c
(n)
k e
i2pikt interpolates the function ei2pint at every
point xj(1 ≤ j ≤ s) up to the order λj. Evidently, η̂n ∈ Ŝ(ϕ), hence
ηn ∈ S(ϕ) and we have that for any k, n ∈ Ω
c∫
R
ϕ(x+ k)ηn(x)dx
=
∫
R
ϕ̂(t)ei2piktϕ̂(t)[Φϕ(t)]
−1[e−i2pint − T n(t)]dt = δkn.
Thus the equations (7) define the system biorthogonal to {ϕ(t+k)}k∈Ωc.
By Theorem 1 of [10] it follows that the system
gn(t) = [Φϕ(t)]
−1[ei2pint − Tn(t)]
is complete in L2Φϕ(T). For any f ∈ S(ϕ) we have that f̂(t) = ϕ̂(t)h(t),
where h ∈ L2Φϕ(T). Hence, if∫
R
f(x)ηn(x)dx = 0, for all n ∈ Ω
c
then it follows that
0 =
∫
R
ϕ̂(t)h(t)ϕ̂(t)[Φϕ(t)]
−1[e−i2pint − T n(t)]dt
=
∫
T
h(t)[e−i2pint − T n(t)]dt
for all n ∈ Ωc. Thus h(t) = 0 a.e. on T and {ηn(t)}n∈Ωc is complete in
S(ϕ). Defining η̂n for n ∈ Ω in the same way as in (7) one gets ηn ≡ 0.
Thus if we put
cn(f) =
∫
R
f(x)ηn(x)dx for any n ∈ Z,
then the coefficients of the functions ϕ(x+ k)(k ∈ Ω) will be equal to
zero.
The corresponding result from [8] gives
Proposition 4. Let Ω ⊂ Z be a set of |Λ| consecutive integers. Then
the system {ϕ(t+ k)}k∈Ωc is not a basis in S(ϕ) for any enumeration.
Having in mind Propositions 4 and 3 it is natural to study if the
system {ϕ(t+k)}k∈Ωc is a summation basis in its natural enumeration.
Our first option is the (C, α) summation method.
Recall the definition of the (C, α) means of a series
∑∞
k=0 ck (see [16],
p. 130):
σαn =
Sαn
Aαn
=
1
Aαn
n∑
k=0
Aαn−kck =
1
Aαn
n∑
k=0
Aα−1n−kSk,
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where for α > 0 the numbers Aαn(n = 0, 1, . . . ) are determined by the
following formula
∞∑
n=0
Aαnx
n = (1− x)−α−1, Aαn =
(
n +α
n
)
=
nα
Γ(α + 1)
,
and Sn =
∑n
k=0 ck. The following result is a direct consequence of
Theorem 3 from [12].
Theorem 1. The system {ϕ(t + k)}k∈Ωc in the natural enumeration
will be a (C, α) summation basis in S(ϕ) if and only if the function Φϕ
can be represented simultaneously in the following forms
(8) Φϕ(x) = ω
2(x)w(x), Φϕ(x) = ω
2
1(x)w1(x)
where
(9) ω(x) =
s∏
j=1
|sin pi(x− xj)|
λj , ω1(x) =
s∏
j=1
|sin pi(x− xj)|
βj
0 < βj ≤ α(1 ≤ j ≤ s), and w,w1 are nonnegative functions from the
class A2.
1.2. Compactly supported generators. Let ϕ ∈ L2(R) be a com-
pactly supported complex valued function. We suppose that the sup-
port of a function f ∈ L2(R) is defined only modulo a null set as
{x ∈ R : f(x) 6= 0}. It is well known that the Fourier coefficients of the
function Φϕ satisfy to the following equations:
ck(Φϕ) =
∫ 1
0
Φϕ(t)e
−2piiktdt =
∫
R
ϕ(t)ϕ(t+ k)dt ∀k ∈ Z.
Hence, Φϕ is a trigonometric polynomial. Let X = {x1, x2, . . . , xs} ⊂ T
be the set of all points where the trigonometric polynomial Φϕ has a
zero. We will consider the case when X 6= ∅, which can be studied
using the theory of generalized Fourier series. In this case we have
Φϕ(t) = |ω(t)|
2P (t),
where P (t) > 0 is a trigonometric polynomial,
ω(x) = ωX,Λ(x) :=
s∏
j=1
[
sin
x− xj
2
]λj
and Λ = {λj}
s
l=1 ⊂ N. If Ω ⊂ Z is a set of |Λ| consecutive integers then
Propositions 3, 4 and Theorem 1 can be applied. Observe that the
equations (7) define the system biorthogonal to {ϕ(t + k)}k∈Ωc . From
Theorem 2 of [10] (see also [11]) follows
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Theorem 2. For any f ∈ S(ϕ)
lim
r→1−
||f −
+∞∑
n=−∞
r|n|cn(f)ϕ(·+ n)||L2(R) = 0,
where
cn(f) =
∫
R
f(x)gn(x)dx for any n ∈ Z \ Ω.
Set λ0 := max1≤j≤s λj. By Theorem 1 we obtain
Corolary 1. For any f ∈ S(ϕ)
lim
n→+∞
||f(·)− Sαn (f, ·)||L2(R) = 0
where
Sαn (f, x) = (1/A
α
n)
n∑
k=−n
Aα−1
n−|ν|ck(f)ϕ(x+ k),
if and only if α > λ0 −
1
2
.
1.3. An example.
Let φ(t) = χ[0,1](t). Then we have that
φ̂(ξ) =
∫
R
φ(t)e−2piiξtdt =
∫
[0,1]
e−2piiξtdt = −
1
2piiξ
[e−2piiξ − 1]
=
sin piξ cospiξ
piξ
+
sin2 piξ
piiξ
=
sin piξ
piξ
e−piiξ.
It is evident that the shifts of φ constitute an orthonormal system.
Hence, by Lemma 1 we will have
Φφ(ξ) =
| sin piξ|2
pi2
∑
k∈Z
1
|ξ + k|2
= 1 a.e. onR.
Which yields the following identity
(10)
∑
k∈Z
1
|ξ + k|2
=
pi2
| sin piξ|2
a.e. onR.
Let φ(1)(t) = χ[0,1] ∗ χ[0,1](t). Then
φ̂(1)(ξ) = φ̂(ξ)φ̂(ξ) =
sin2 piξ
pi2ξ2
e−2piiξ.
Afterwards, we have to calculate
Φφ(1)(ξ) =
| sin piξ|4
pi4
∑
k∈Z
1
(ξ + k)4
=
| sin piξ|4
6pi2
d2
dξ2
1
| sin piξ|2
,
where the equalities should be understood a.e. on R. We skip the
details of the proof of the last equation because it is elemental.
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Thus we obtain that
Φφ(1)(ξ) =
1
3
[2 + cos 2piξ].
We have also obtained the following identity
(11)
∑
k∈Z
1
|ξ + k|4
=
pi4
3| sinpiξ|4
[2 + cos 2piξ] a.e. onR.
Let ψ(1)(t) = φ(1)(2t)− φ(1)(2t− 2). Then
ψ̂(1)(ξ) =
1
2
φ̂(1)(
1
2
ξ)−
1
2
φ̂(1)(
1
2
ξ)e−2piiξ =
1
2
φ̂(1)(
1
2
ξ)[1− e−2piiξ]
= φ̂(1)(
1
2
ξ)i sin(piξ)e−piiξ = i4
sin2 pi ξ
2
pi2ξ2
e−piiξ sin(piξ)e−piiξ
= i4
sin2 pi ξ
2
pi2ξ2
sin(piξ)e−2piiξ
Then we will have
Φψ(1)(ξ) =
4| sin piξ|2
pi4
∑
k∈Z
[1− cos(pi(ξ + k))]2
(ξ + k)4
.
Afterwards we have to use the identity (11)∑
k∈Z
[1− cos(pi(ξ + k))]2
(ξ + k)4
=
∑
k∈2Z+1
+
∑
k∈2Z
=
1
16
[1 + cos(piξ)]2
∑
m∈Z
1
( ξ+1
2
+m)4
+
1
16
[1− cos(piξ)]2
∑
m∈Z
1
( ξ
2
+m)4
=
pi4
48
[1 + cos(piξ)]2
[2− cos(piξ)]
| sin pi ξ+1
2
|4
+
pi4
48
[1− cos(piξ)]2
[2 + cos(piξ)]
| sin pi ξ
2
|4
=
pi4
3
[1 + cos(piξ)]2
[2− cos(piξ)]
[1 + cos(piξ)]2
+
pi4
3
[1− cos(piξ)]2
[2 + cos(piξ)]
[1− cos(piξ)]2
=
4pi4
3
.
Thus we obtain that
Φψ(1)(ξ) =
16
3
sin2 piξ
Hence, in T Φψ(1) has singularity only at the point 0, a singularity of
order 1 at the point 0. By Theorem 1 we obtain the following
Corolary 2. For any α > 1
2
the system {ψ(1)(x + k)}k∈Z\{0} in its
natural enumeration is a (C, α) summation basis.
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